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1 Introduction

This document contains a stripped down version of testmath.tex, showing
Lucida math fonts for ConTEXt. We have cut away the part that was specific
for amsmath. You use the Lucida fonts by invoking \setupbodyfont[lucida]
somewhere before \starttext. For more information about Lucida and TEX, and
an order form for the fonts, please see https://tug.org/lucida.

2 Enumeration of Hamiltonian paths in a graph

Let 𝐀 = (𝑎𝑖𝑗) be the adjacency matrix of graph 𝐺. The corresponding Kirchhoff
matrix 𝐊 = (𝑘𝑖𝑗) is obtained from 𝐀 by replacing in −𝐀 each diagonal entry by
the degree of its corresponding vertex; i.e., the 𝑖th diagonal entry is identified with
the degree of the 𝑖th vertex. It is well known that

det𝐊(𝑖|𝑖) = the number of spanning trees of 𝐺, 𝑖 = 1,… , 𝑛 (1)
where 𝐊(𝑖|𝑖) is the 𝑖th principal submatrix of 𝐊.

Let 𝐶𝑖(𝑗) be the set of graphs obtained from 𝐺 by attaching edge (𝑣𝑖𝑣𝑗) to each
spanning tree of 𝐺. Denote by 𝐶𝑖 = ⋃𝑗 𝐶𝑖(𝑗). It is obvious that the collection of
Hamiltonian cycles is a subset of 𝐶𝑖. Note that the cardinality of 𝐶𝑖 is 𝑘𝑖𝑖 det𝐊(𝑖|𝑖).
Let 𝑋̂ = {𝑥̂1, … , 𝑥̂𝑛}.

Define multiplication for the elements of 𝑋̂ by

𝑥̂𝑖𝑥̂𝑗 = 𝑥̂𝑗𝑥̂𝑖, 𝑥̂2𝑖 = 0, 𝑖, 𝑗 = 1,… , 𝑛. (2)

Let 𝑘̂𝑖𝑗 = 𝑘𝑖𝑗𝑥̂𝑗 and 𝑘̂𝑖𝑗 = −∑𝑗≠𝑖 𝑘̂𝑖𝑗. Then the number of Hamiltonian cycles 𝐻𝑐 is
given by the relation [7]

(
𝑛

∏
𝑗=1
𝑥̂𝑗)𝐻𝑐 =

1−−2 𝑘̂𝑖𝑗 det 𝐊̂(𝑖|𝑖), 𝑖 = 1,… , 𝑛. (3)

The task here is to express (3) in a form free of any 𝑥̂𝑖, 𝑖 = 1,… ,𝑛. The result also
leads to the resolution of enumeration of Hamiltonian paths in a graph.

It is well known that the enumeration of Hamiltonian cycles and paths in a
complete graph 𝐾𝑛 and in a complete bipartite graph 𝐾𝑛1𝑛2 can only be found
from first combinatorial principles [3]. One wonders if there exists a formula which
can be used very efficiently to produce 𝐾𝑛 and 𝐾𝑛1𝑛2. Recently, using Lagrangian
methods, Goulden and Jackson have shown that 𝐻𝑐 can be expressed in terms of
the determinant and permanent of the adjacency matrix [2]. However, the formula
of Goulden and Jackson determines neither 𝐾𝑛 nor 𝐾𝑛1𝑛2 effectively. In this paper,
using an algebraic method, we parametrize the adjacency matrix. The resulting
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formula also involves the determinant and permanent, but it can easily be applied
to 𝐾𝑛 and 𝐾𝑛1𝑛2. In addition, we eliminate the permanent from 𝐻𝑐 and show that 𝐻𝑐
can be represented by a determinantal function of multivariables, each variable
with domain {0, 1}. Furthermore, we show that 𝐻𝑐 can be written by number
of spanning trees of subgraphs. Finally, we apply the formulas to a complete
multigraph 𝐾𝑛1…𝑛𝑝.

The conditions 𝑎𝑖𝑗 = 𝑎𝑗𝑖, 𝑖, 𝑗 = 1, … , 𝑛, are not required in this paper. All
formulas can be extended to a digraph simply by multiplying 𝐻𝑐 by 2.

3 Main Theorem

Notation. For 𝑝, 𝑞 ∈ 𝑃 and 𝑛 ∈ 𝜔 we write (𝑞, 𝑛) ≤ (𝑝, 𝑛) if 𝑞 ≤ 𝑝 and
𝐴𝑞,𝑛 = 𝐴𝑝,𝑛.

Let 𝐁 = (𝑏𝑖𝑗) be an 𝑛× 𝑛 matrix. Let 𝐧 = {1, … , 𝑛}. Using the properties of
(2), it is readily seen that

Lemma 3.1.

∏
𝑖∈𝐧
( ∑
𝑗∈𝐧
𝑏𝑖𝑗𝑥̂𝑖) = (∏

𝑖∈𝐧
𝑥̂𝑖)per𝐁 (4)

where per𝐁 is the permanent of 𝐁.

Let 𝑌 = {𝑦̂1, … , 𝑦̂𝑛}. Define multiplication for the elements of 𝑌 by
𝑦̂𝑖𝑦̂𝑗 + 𝑦̂𝑗𝑦̂𝑖 = 0, 𝑖, 𝑗 = 1,… , 𝑛. (5)

Then, it follows that

Lemma 3.2.

∏
𝑖∈𝐧
( ∑
𝑗∈𝐧
𝑏𝑖𝑗𝑦̂𝑗) = (∏

𝑖∈𝐧
𝑦̂𝑖)det𝐁. (6)

Note that all basic properties of determinants are direct consequences of
Lemma 3.2. Write

∑
𝑗∈𝐧
𝑏𝑖𝑗𝑦̂𝑗 = ∑

𝑗∈𝐧
𝑏(𝜆)𝑖𝑗 𝑦̂𝑗 + (𝑏𝑖𝑖 − 𝜆𝑖)𝑦̂𝑖𝑦̂ (7)

where
𝑏(𝜆)𝑖𝑖 = 𝜆𝑖, 𝑏(𝜆)𝑖𝑗 = 𝑏𝑖𝑗, 𝑖 ≠ 𝑗. (8)

Let 𝐁(𝜆) = (𝑏(𝜆)𝑖𝑗 ). By (6) and (7), it is straightforward to show the following result:

Theorem 3.3.

det𝐁 =
𝑛

∑
𝑙=0
∑
𝐼𝑙⊆𝑛

∏
𝑖∈𝐼𝑙
(𝑏𝑖𝑖 − 𝜆𝑖) det𝐁(𝜆)(𝐼𝑙|𝐼𝑙), (9)

where 𝐼𝑙 = {𝑖1, … , 𝑖𝑙} and 𝐁(𝜆)(𝐼𝑙|𝐼𝑙) is the principal submatrix obtained from 𝐁(𝜆)
by deleting its 𝑖1, … , 𝑖𝑙 rows and columns.

Remark 3.4. Let 𝐌 be an 𝑛×𝑛matrix. The convention 𝐌(𝐧|𝐧) = 1 has been used
in (9) and hereafter.

Before proceeding with our discussion, we pause to note that Theorem 3.3
yields immediately a fundamental formula which can be used to compute the
coefficients of a characteristic polynomial [8]:
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Corollary 3.5. Write det(𝐁 −𝑥𝐈) = ∑𝑛𝑙=0(−1)𝑙 𝑏𝑙𝑥𝑙. Then

𝑏𝑙 = ∑
𝐼𝑙⊆𝐧
det𝐁(𝐼𝑙|𝐼𝑙) . (10)

Let

𝐊(𝑡, 𝑡1, … , 𝑡𝑛) =
⎛⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝐷1𝑡 −𝑎12𝑡2 … −𝑎1𝑛𝑡𝑛
−𝑎21𝑡1 𝐷2𝑡 … −𝑎2𝑛𝑡𝑛
. . . . . . . . . . . . .
−𝑎𝑛1𝑡1 −𝑎𝑛2𝑡2 … 𝐷𝑛𝑡

⎞⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (11)

where
𝐷𝑖 = ∑

𝑗∈𝐧
𝑎𝑖𝑗𝑡𝑗, 𝑖 = 1,… , 𝑛. (12)

Set

𝐷(𝑡1, … , 𝑡𝑛) =
𝛿−−𝛿𝑡 det𝐊(𝑡, 𝑡1, … , 𝑡𝑛)|𝑡=1 .

Then
𝐷(𝑡1, … , 𝑡𝑛) = ∑

𝑖∈𝐧
𝐷𝑖 det𝐊(𝑡 = 1, 𝑡1, … , 𝑡𝑛; 𝑖|𝑖), (13)

where 𝐊(𝑡 = 1, 𝑡1, … , 𝑡𝑛; 𝑖|𝑖) is the 𝑖th principal submatrix of 𝐊(𝑡 = 1, 𝑡1, … , 𝑡𝑛).
Theorem 3.3 leads to
det𝐊(𝑡1, 𝑡1, … , 𝑡𝑛) = ∑

𝐼∈𝐧
(−1)|𝐼| 𝑡𝑛−|𝐼|∏

𝑖∈𝐼
𝑡𝑖 ∏
𝑗∈𝐼
(𝐷𝑗 + 𝜆𝑗𝑡𝑗) det𝐀(𝜆𝑡)(⃖𝐼|⃖𝐼) . (14)

Note that
det𝐊(𝑡 = 1, 𝑡1, … , 𝑡𝑛) = ∑

𝐼∈𝐧
(−1)|𝐼|∏

𝑖∈𝐼
𝑡𝑖 ∏
𝑗∈𝐼
(𝐷𝑗 + 𝜆𝑗𝑡𝑗) det𝐀(𝜆)(⃖𝐼|⃖𝐼) = 0.(15)

Let 𝑡𝑖 = 𝑥̂𝑖, 𝑖 = 1,… , 𝑛. Lemma 3.1 yields

(∑
𝑖∈𝐧
𝑎𝑙𝑖𝑥𝑖)det𝐊(𝑡 = 1, 𝑥1, … , 𝑥𝑛; 𝑙|𝑙)

= (∏
𝑖∈𝐧
𝑥̂𝑖) ∑

𝐼⊆𝐧−{𝑙}
(−1)|𝐼| per𝐀(𝜆)(𝐼|𝐼) det𝐀(𝜆)(⃖𝐼 ∪ {𝑙}|⃖𝐼 ∪ {𝑙}). (16)

By (3), (6), and (7), we have

Proposition 3.6.

𝐻𝑐 =
1−−−2𝑛

𝑛

∑
𝑙=0
(−1)𝑙𝐷𝑙, (17)

where

𝐷𝑙 = ∑
𝐼𝑙⊆𝐧
𝐷(𝑡1, … , 𝑡𝑛)|

𝑡𝑖={
0, if 𝑖∈𝐼𝑙
1, otherwise, 𝑖=1,…,𝑛

. (18)

4 Application

We consider here the applications of Theorems 5.2 and 5.3 to a complete
multipartite graph 𝐾𝑛1…𝑛𝑝. It can be shown that the number of spanning trees
of 𝐾𝑛1…𝑛𝑝 may be written

𝑇 = 𝑛𝑝−2
𝑝

∏
𝑖=1
(𝑛−𝑛𝑖)𝑛𝑖−1 (19)
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where
𝑛 = 𝑛1 +…+𝑛𝑝. (20)

It follows from Theorems 5.2 and 5.3 that

𝐻𝑐 =
1−−−2𝑛

𝑛

∑
𝑙=0
(−1)𝑙 (𝑛 − 𝑙)𝑝−2 ∑

𝑙1+…+𝑙𝑝=𝑙

𝑝

∏
𝑖=1
(𝑛𝑖𝑙𝑖
)

⋅ [(𝑛− 𝑙) − (𝑛𝑖 − 𝑙𝑖)]𝑛𝑖−𝑙𝑖 ⋅ [(𝑛− 𝑙)2 −
𝑝

∑
𝑗=1
(𝑛𝑖 − 𝑙𝑖)2]. (21)

and

𝐻𝑐 =
1−−2

𝑛−1

∑
𝑙=0
(−1)𝑙 (𝑛 − 𝑙)𝑝−2 ∑

𝑙1+…+𝑙𝑝=𝑙

𝑝

∏
𝑖=1
(𝑛𝑖𝑙𝑖
)

⋅ [(𝑛− 𝑙) − (𝑛𝑖 − 𝑙𝑖)]𝑛𝑖−𝑙𝑖 (1 −
𝑙𝑝−−𝑛𝑝
)[(𝑛− 𝑙) − (𝑛𝑝 − 𝑙𝑝)]. (22)

The enumeration of 𝐻𝑐 in a 𝐾𝑛1…𝑛𝑝 graph can also be carried out by Theorem 7.5
or 7.6 together with the algebraic method of (2). Some elegant representations
may be obtained. For example, 𝐻𝑐 in a 𝐾𝑛1𝑛2𝑛3 graph may be written

𝐻𝑐 =
𝑛1!𝑛2!𝑛3!−−−−−−−−−−𝑛1 +𝑛2 +𝑛3∑𝑖

[(𝑛1𝑖 )(
𝑛2

𝑛3 −𝑛1 + 𝑖
)( 𝑛3
𝑛3 −𝑛2 + 𝑖

)

+ (𝑛1 − 1𝑖 )( 𝑛2 − 1
𝑛3 −𝑛1 + 𝑖

)( 𝑛3 − 1
𝑛3 −𝑛2 + 𝑖

)]. (23)

5 Secret Key Exchanges

Modern cryptography is fundamentally concerned with the problem of secure
private communication. A Secret Key Exchange is a protocol where Alice and
Bob, having no secret information in common to start, are able to agree on a
common secret key, conversing over a public channel. The notion of a Secret Key
Exchange protocol was first introduced in the seminal paper of Diffie and Hellman
[1]. [1] presented a concrete implementation of a Secret Key Exchange protocol,
dependent on a specific assumption (a variant on the discrete log), specially
tailored to yield Secret Key Exchange. Secret Key Exchange is of course trivial
if trapdoor permutations exist. However, there is no known implementation based
on a weaker general assumption.

The concept of an informationally one-way function was introduced in [4]. We
give only an informal definition here:

Definition 5.1. A polynomial time computable function 𝑓 = {𝑓𝑘} is informationally
one-way if there is no probabilistic polynomial time algorithm which (with
probability of the form 1 − 𝑘−𝑒 for some 𝑒 > 0) returns on input 𝑦 ∈ {0, 1}𝑘 a
random element of 𝑓−1(𝑦).

In the non-uniform setting [4] show that these are not weaker than one-way
functions:

Theorem 5.2 ([4] (non-uniform)). The existence of informationally one-way functions
implies the existence of one-way functions.

We will stick to the convention introduced above of saying “non-uniform” before
the theorem statement when the theorem makes use of non-uniformity. It should
be understood that if nothing is said then the result holds for both the uniform
and the non-uniform models.
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It now follows from Theorem 5.2 that

Theorem 5.3 (non-uniform). Weak SKE implies the existence of a one-way function.

More recently, the polynomial-time, interior point algorithms for linear
programming have been extended to the case of convex quadratic programs
[10, 12], certain linear complementarity problems [6, 9], and the nonlinear
complementarity problem [5]. The connection between these algorithms and the
classical Newton method for nonlinear equations is well explained in [6].

6 Review

We begin our discussion with the following definition:

Definition 6.1. A function 𝐻∶𝐑𝑛→𝐑𝑛 is said to be B-differentiable at the point 𝑧 if
(i)𝐻 is Lipschitz continuous in a neighborhood of 𝑧, and (ii) there exists a positive
homogeneous function 𝐵𝐻(𝑧)∶𝐑𝑛→𝐑𝑛, called the B-derivative of 𝐻 at 𝑧, such that

lim
𝑣→0

𝐻(𝑧+ 𝑣) −𝐻(𝑧) − 𝐵𝐻(𝑧)𝑣−−−−−−−−−−−−−−−−−−−−−−‖𝑣‖ = 0.

The function 𝐻 is B-differentiable in set 𝑆 if it is B-differentiable at every point in 𝑆.
The B-derivative 𝐵𝐻(𝑧) is said to be strong if

lim
(𝑣,𝑣′)→(0,0)

𝐻(𝑧 + 𝑣) −𝐻(𝑧+ 𝑣′) − 𝐵𝐻(𝑧)(𝑣 − 𝑣′)−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−‖𝑣− 𝑣′‖ = 0.

Lemma 6.2. There exists a smooth function 𝜓0(𝑧) defined for |𝑧| > 1−2𝑎 satisfying
the following properties:

(i) 𝜓0(𝑧) is bounded above and below by positive constants 𝑐1 ≤ 𝜓0(𝑧) ≤ 𝑐2.

(ii) If |𝑧| > 1, then 𝜓0(𝑧) = 1.

(iii) For all 𝑧 in the domain of 𝜓0, Δ0 ln𝜓0 ≥ 0.

(iv) If 1 − 2𝑎 < |𝑧| < 1− 𝑎, then Δ0 ln𝜓0 ≥ 𝑐3 > 0.

Proof. We choose 𝜓0(𝑧) to be a radial function depending only on 𝑟 = |𝑧|. Let
ℎ(𝑟) ≥ 0 be a suitable smooth function satisfying ℎ(𝑟) ≥ 𝑐3 for 1−2𝑎< |𝑧| < 1−𝑎,
and ℎ(𝑟) = 0 for |𝑧| > 1− 𝑎−−2 . The radial Laplacian

Δ0 ln𝜓0(𝑟) = (
𝑑2−−−𝑑𝑟2 +

1−−𝑟
𝑑−−−𝑑𝑟) ln𝜓0(𝑟)

has smooth coefficients for 𝑟 > 1 − 2𝑎. Therefore, we may apply the existence
and uniqueness theory for ordinary differential equations. Simply let ln𝜓0(𝑟) be
the solution of the differential equation

( 𝑑
2

−−−𝑑𝑟2 +
1−−𝑟
𝑑−−−𝑑𝑟) ln𝜓0(𝑟) = ℎ(𝑟)

with initial conditions given by ln𝜓0(1) = 0 and ln𝜓′0(1) = 0.
Next, let 𝐷𝜈 be a finite collection of pairwise disjoint disks, all of which

are contained in the unit disk centered at the origin in 𝐶. We assume that
𝐷𝜈 = {𝑧 | |𝑧 − 𝑧𝜈| < 𝛿}. Suppose that 𝐷𝜈(𝑎) denotes the smaller concentric
disk 𝐷𝜈(𝑎) = {𝑧 | |𝑧 − 𝑧𝜈| ≤ (1 − 2𝑎)𝛿}. We define a smooth weight function
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Φ0(𝑧) for 𝑧 ∈ 𝐶 − ⋃𝜈𝐷𝜈(𝑎) by setting Φ0(𝑧) = 1 when 𝑧 ∉ ⋃𝜈𝐷𝜈 and
Φ0(𝑧) = 𝜓0((𝑧 − 𝑧𝜈)/𝛿) when 𝑧 is an element of 𝐷𝜈. It follows from Lemma 6.2
that Φ0 satisfies the properties:

(i) Φ0(𝑧) is bounded above and below by positive constants 𝑐1 ≤ Φ0(𝑧) ≤ 𝑐2.

(ii) Δ0 lnΦ0 ≥ 0 for all 𝑧 ∈ 𝐶−⋃𝜈𝐷𝜈(𝑎), the domain where the function Φ0
is defined.

(iii) Δ0 lnΦ0 ≥ 𝑐3𝛿−2 when (1 − 2𝑎)𝛿 < |𝑧 − 𝑧𝜈| < (1 − 𝑎)𝛿.

Let 𝐴𝜈 denote the annulus 𝐴𝜈 = {(1 − 2𝑎)𝛿 < |𝑧 − 𝑧𝜈| < (1 − 𝑎)𝛿}, and
set 𝐴 = ⋃𝜈𝐴𝜈. The properties ( ii) and ( iii) of Φ0 may be summarized as
Δ0 lnΦ0 ≥ 𝑐3𝛿−2𝜒𝐴, where 𝜒𝐴 is the characteristic function of 𝐴. □

Suppose that 𝛼 is a nonnegative real constant. We apply Proposition 3.6 with
Φ(𝑧) = Φ0(𝑧)𝑒𝛼|𝑧|

2. If 𝑢 ∈ 𝐶∞0 (𝑅2 − ⋃𝜈𝐷𝜈(𝑎)), assume that 𝒟 is a bounded
domain containing the support of 𝑢 and 𝐴 ⊂ 𝒟 ⊂ 𝑅2 −⋃𝜈𝐷𝜈(𝑎). A calculation
gives

∫
𝒟
|⃖∂⃖𝑢|

2
Φ0(𝑧)𝑒𝛼|𝑧|

2 ≥ 𝑐4𝛼∫
𝒟
|𝑢|2Φ0𝑒𝛼|𝑧|

2 + 𝑐5𝛿−2∫
𝐴
|𝑢|2Φ0𝑒𝛼|𝑧|

2.

The boundedness, property ( i) of Φ0, then yields

∫
𝒟
|⃖∂⃖𝑢|

2
𝑒𝛼|𝑧|2 ≥ 𝑐6𝛼∫

𝒟
|𝑢|2 𝑒𝛼|𝑧|2 + 𝑐7𝛿−2∫

𝐴
|𝑢|2 𝑒𝛼|𝑧|2.

Let 𝐵(𝑋) be the set of blocks of Λ𝑋 and let 𝑏(𝑋) = |𝐵(𝑋)|. If 𝜙 ∈ 𝑄𝑋 then 𝜙 is
constant on the blocks of Λ𝑋.

𝑃𝑋 = {𝜙 ∈ 𝑀 | Λ𝜙 = Λ𝑋}, 𝑄𝑋 = {𝜙 ∈ 𝑀 | Λ𝜙 ≥ Λ𝑋}. (24)
If Λ𝜙 ≥ Λ𝑋 then Λ𝜙 = Λ𝑌 for some 𝑌 ≥ 𝑋 so that

𝑄𝑋 = ⋃
𝑌≥𝑋

𝑃𝑌.

Thus by Möbius inversion

|𝑃𝑌| = ∑
𝑋≥𝑌

𝜇(𝑌, 𝑋) |𝑄𝑋|.

Thus there is a bijection from 𝑄𝑋 to 𝑊𝐵(𝑋). In particular |𝑄𝑋| = 𝑤𝑏(𝑋).
Next note that 𝑏(𝑋) = dim𝑋. We see this by choosing a basis for 𝑋 consisting

of vectors 𝑣𝑘 defined by

𝑣𝑘𝑖 = {
1 if 𝑖 ∈ Λ𝑘,
0 otherwise.

Lemma 6.3. Let 𝒜 be an arrangement. Then

𝜒(𝒜, 𝑡) = ∑
ℬ⊆𝒜

(−1)|ℬ| 𝑡dim𝑇(ℬ).

In order to compute 𝑅′′ recall the definition of 𝑆(𝑋, 𝑌) from Lemma 3.1. Since
𝐻 ∈ ℬ, 𝒜𝐻 ⊆ ℬ. Thus if 𝑇(ℬ) = 𝑌 then ℬ ∈ 𝑆(𝐻, 𝑌). Let 𝐿′′ = 𝐿(𝒜′′). Then

𝑅′′ = ∑
𝐻∈ℬ⊆𝒜

(−1)|ℬ| 𝑡dim𝑇(ℬ)

= ∑
𝑌∈𝐿′′

∑
ℬ∈𝑆(𝐻,𝑌)

(−1)|ℬ| 𝑡dim𝑌

= − ∑
𝑌∈𝐿′′

∑
ℬ∈𝑆(𝐻,𝑌)

(−1)|ℬ−𝒜𝐻| 𝑡dim𝑌
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= − ∑
𝑌∈𝐿′′

𝜇(𝐻, 𝑌)𝑡dim𝑌

= −𝜒(𝒜′′, 𝑡) . (25)

Corollary 6.4. Let (𝒜,𝒜′,𝒜′′) be a triple of arrangements. Then

𝜋(𝒜, 𝑡) = 𝜋(𝒜′, 𝑡) + 𝑡𝜋(𝒜′′, 𝑡) .

Definition 6.5. Let (𝒜,𝒜′,𝒜′′) be a triple with respect to the hyperplane 𝐻∈𝒜.
Call 𝐻 a separator if 𝑇(𝒜) ∉ 𝐿(𝒜′).

Corollary 6.6. Let (𝒜,𝒜′,𝒜′′) be a triple with respect to 𝐻 ∈𝒜.

(i) If 𝐻 is a separator then

𝜇(𝒜) = −𝜇(𝒜′′)
and hence

|𝜇(𝒜)| = |𝜇(𝒜′′)| .

(ii) If 𝐻 is not a separator then

𝜇(𝒜) = 𝜇(𝒜′) − 𝜇(𝒜′′)
and

|𝜇(𝒜)| = |𝜇(𝒜′)| + |𝜇(𝒜′′)| .

Proof. It follows from Theorem 5.2 that 𝜋(𝒜, 𝑡) has leading term

(−1)𝑟(𝒜)𝜇(𝒜)𝑡𝑟(𝒜).
The conclusion follows by comparing coefficients of the leading terms on both
sides of the equation in Corollary 6.4. If 𝐻 is a separator then 𝑟(𝒜′) < 𝑟(𝒜)
and there is no contribution from 𝜋(𝒜′, 𝑡). □

The Poincaré polynomial of an arrangement will appear repeatedly in these notes.
It will be shown to equal the Poincaré polynomial of the graded algebras which we
are going to associate with 𝒜. It is also the Poincaré polynomial of the complement
𝑀(𝒜) for a complex arrangement. Here we prove that the Poincaré polynomial is
the chamber counting function for a real arrangement. The complement 𝑀(𝒜) is
a disjoint union of chambers

𝑀(𝒜) = ⋃
𝐶∈Cham(𝒜)

𝐶.

The number of chambers is determined by the Poincaré polynomial as follows.

Theorem 6.7. Let 𝒜𝐑 be a real arrangement. Then

|Cham(𝒜𝐑)| = 𝜋(𝒜𝐑, 1).

Proof. We check the properties required in Corollary 6.6: (i) follows from
𝜋(Φ𝑙, 𝑡) = 1, and (ii) is a consequence of Corollary 3.5. □

Theorem 6.8. Let 𝜙 be a protocol for a random pair (𝑋, 𝑌). If one of 𝜎𝜙(𝑥′, 𝑦)
and 𝜎𝜙(𝑥, 𝑦′) is a prefix of the other and (𝑥, 𝑦) ∈ 𝑆𝑋,𝑌, then

⟨𝜎𝑗(𝑥′, 𝑦)⟩∞𝑗=1 = ⟨𝜎𝑗(𝑥, 𝑦)⟩∞𝑗=1 = ⟨𝜎𝑗(𝑥, 𝑦′)⟩∞𝑗=1 .

Proof. We show by induction on 𝑖 that
⟨𝜎𝑗(𝑥′, 𝑦)⟩𝑖𝑗=1 = ⟨𝜎𝑗(𝑥, 𝑦)⟩𝑖𝑗=1 = ⟨𝜎𝑗(𝑥, 𝑦′)⟩𝑖𝑗=1 .
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The induction hypothesis holds vacuously for 𝑖 = 0. Assume it holds for 𝑖 − 1,
in particular [𝜎𝑗(𝑥′, 𝑦)]𝑖−1𝑗=1 = [𝜎𝑗(𝑥, 𝑦′)]𝑖−1𝑗=1. Then one of [𝜎𝑗(𝑥′, 𝑦)]∞𝑗=𝑖 and
[𝜎𝑗(𝑥, 𝑦′)]∞𝑗=𝑖 is a prefix of the other which implies that one of 𝜎𝑖(𝑥′, 𝑦) and
𝜎𝑖(𝑥,𝑦′) is a prefix of the other. If the 𝑖th message is transmitted by 𝑃𝒳 then, by the
separate-transmissions property and the induction hypothesis, 𝜎𝑖(𝑥,𝑦) =𝜎𝑖(𝑥,𝑦′),
hence one of 𝜎𝑖(𝑥, 𝑦) and 𝜎𝑖(𝑥′, 𝑦) is a prefix of the other. By the implicit-ter­
mination property, neither 𝜎𝑖(𝑥, 𝑦) nor 𝜎𝑖(𝑥′, 𝑦) can be a proper prefix of the
other, hence they must be the same and 𝜎𝑖(𝑥′, 𝑦) = 𝜎𝑖(𝑥, 𝑦) = 𝜎𝑖(𝑥, 𝑦′). If
the 𝑖th message is transmitted by 𝑃𝒴 then, symmetrically, 𝜎𝑖(𝑥, 𝑦) = 𝜎𝑖(𝑥′, 𝑦)
by the induction hypothesis and the separate-transmissions property, and,
then, 𝜎𝑖(𝑥, 𝑦) = 𝜎𝑖(𝑥, 𝑦′) by the implicit-termination property, proving the
induction step. □

If 𝜙 is a protocol for (𝑋,𝑌), and (𝑥,𝑦), (𝑥′,𝑦) are distinct inputs in 𝑆𝑋,𝑌, then,
by the correct-decision property, ⟨𝜎𝑗(𝑥, 𝑦)⟩∞𝑗=1 ≠ ⟨𝜎𝑗(𝑥′, 𝑦)⟩∞𝑗=1.

Equation (25) defined 𝑃𝒴's ambiguity set 𝑆𝑋|𝑌(𝑦) to be the set of possible 𝑋
values when 𝑌 = 𝑦. The last corollary implies that for all 𝑦 ∈ 𝑆𝑌, the multiset of
codewords {𝜎𝜙(𝑥, 𝑦)| 𝑥 ∈ 𝑆𝑋|𝑌(𝑦)} is prefix free.

7 One-Way Complexity

̂𝐶1, the one-way complexity of a random pair (𝑋,𝑌), is the number of bits 𝑃𝒳must
transmit in the worst case when 𝑃𝒴 is not permitted to transmit any feedback
messages. Starting with 𝑆𝑋,𝑌, the support set of (𝑋, 𝑌), we define 𝐺(𝑋|𝑌), the
characteristic hypergraph of (𝑋, 𝑌), and show that

̂𝐶1 = ⌈log𝜒(𝐺(𝑋|𝑌))⌉.
Let (𝑋, 𝑌) be a random pair. For each 𝑦 in 𝑆𝑌, the support set of 𝑌, Equation (25)
defined 𝑆𝑋|𝑌(𝑦) to be the set of possible 𝑥 values when 𝑌 = 𝑦. The characteristic
hypergraph 𝐺(𝑋|𝑌) of (𝑋, 𝑌) has 𝑆𝑋 as its vertex set and the hyperedge 𝑆𝑋|𝑌(𝑦)
for each 𝑦 ∈ 𝑆𝑌.

We can now prove a continuity theorem.

Theorem 7.1. Let Ω ⊂ 𝐑𝑛 be an open set, let 𝑢 ∈ 𝐵𝑉(Ω; 𝐑𝑚), and let

𝑇𝑢𝑥 = {𝑦 ∈ 𝐑𝑚 | 𝑦 = 𝑢̃(𝑥) +⟨
𝐷𝑢−−−−|𝐷𝑢| (𝑥), 𝑧⟩ for some 𝑧 ∈ 𝐑𝑛} (26)

for every 𝑥 ∈ Ω∖𝑆𝑢. Let 𝑓∶ 𝐑𝑚 → 𝐑𝑘 be a Lipschitz continuous function such that
𝑓(0) = 0, and let 𝑣 = 𝑓(𝑢)∶ Ω → 𝐑𝑘. Then 𝑣 ∈ 𝐵𝑉(Ω; 𝐑𝑘) and

𝐽𝑣 = (𝑓(𝑢+) − 𝑓(𝑢−)) ⊗ 𝜈𝑢 ⋅ℋ𝑛−1|𝑆𝑢 . (27)

In addition, for |𝐷̃𝑢|-almost every 𝑥 ∈ Ω the restriction of the function 𝑓 to 𝑇𝑢𝑥 is
differentiable at 𝑢̃(𝑥) and

𝐷̃𝑣 = ∇(𝑓|𝑇𝑢𝑥 ) (𝑢̃)
𝐷̃𝑢−−−−
|𝐷̃𝑢|

⋅ |𝐷̃𝑢|. (28)

Before proving the theorem, we state without proof three elementary remarks
which will be useful in the sequel.

Remark 7.2. Let 𝜔∶ ]0, +∞[ → ]0, +∞[ be a continuous function such that
𝜔(𝑡) → 0 as 𝑡 → 0. Then

lim
ℎ→0+

𝑔(𝜔(ℎ)) = 𝐿⇔ lim
ℎ→0+

𝑔(ℎ) = 𝐿

A multiset allows multiplicity of elements. Hence, {0,01,01} is prefix free as a set, but not as a multiset.
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for any function 𝑔∶ ]0, +∞[ → 𝐑.

Remark 7.3. Let 𝑔∶ 𝐑𝑛 → 𝐑 be a Lipschitz continuous function and assume that

𝐿(𝑧) = lim
ℎ→0+

𝑔(ℎ𝑧) − 𝑔(0)−−−−−−−−−−−ℎ
exists for every 𝑧 ∈𝐐𝑛 and that 𝐿 is a linear function of 𝑧. Then 𝑔 is differentiable
at 0.

Remark 7.4. Let 𝐴∶𝐑𝑛 → 𝐑𝑚 be a linear function, and let 𝑓∶𝐑𝑚→ 𝐑 be a function.
Then the restriction of 𝑓 to the range of 𝐴 is differentiable at 0 if and only if
𝑓(𝐴)∶ 𝐑𝑛 → 𝐑 is differentiable at 0 and

∇(𝑓|Im(𝐴)) (0)𝐴 = ∇(𝑓(𝐴)) (0).

Proof. We begin by showing that 𝑣 ∈ 𝐵𝑉(Ω; 𝐑𝑘) and
|𝐷𝑣| (𝐵) ≤ 𝐾|𝐷𝑢| (𝐵) ∀𝐵 ∈ 𝐁(Ω), (29)

where 𝐾> 0 is the Lipschitz constant of 𝑓. By (13) and by the approximation result
quoted in Section 3, it is possible to find a sequence (𝑢ℎ) ⊂ 𝐶1(Ω;𝐑𝑚) converging
to 𝑢 in 𝐿1(Ω; 𝐑𝑚) and such that

lim
ℎ→+∞

∫
Ω
|∇𝑢ℎ|𝑑𝑥 = |𝐷𝑢| (Ω).

The functions 𝑣ℎ = 𝑓(𝑢ℎ) are locally Lipschitz continuous in Ω, and the definition
of differential implies that |∇𝑣ℎ| ≤ 𝐾|∇𝑢ℎ| almost everywhere in Ω. The lower
semicontinuity of the total variation and (13) yield

|𝐷𝑣| (Ω) ≤ lim inf
ℎ→+∞

|𝐷𝑣ℎ| (Ω) = lim inf
ℎ→+∞

∫
Ω
|∇𝑣ℎ|𝑑𝑥

≤ 𝐾 lim inf
ℎ→+∞

∫
Ω
|∇𝑢ℎ|𝑑𝑥 = 𝐾|𝐷𝑢| (Ω). (30)

Since 𝑓(0) = 0, we have also

∫
Ω
|𝑣|𝑑𝑥 ≤ 𝐾∫

Ω
|𝑢|𝑑𝑥;

therefore 𝑢 ∈ 𝐵𝑉(Ω;𝐑𝑘). Repeating the same argument for every open set 𝐴 ⊂ Ω,
we get (29) for every 𝐵 ∈ 𝐁(Ω), because |𝐷𝑣|, |𝐷𝑢| are Radon measures. To prove
Lemma 6.2, first we observe that

𝑆𝑣 ⊂ 𝑆𝑢, ̃𝑣(𝑥) = 𝑓(𝑢̃(𝑥)) ∀𝑥 ∈ Ω∖𝑆𝑢. (31)
In fact, for every 𝜀 > 0 we have
{𝑦 ∈ 𝐵𝜌(𝑥) | |𝑣(𝑦) − 𝑓(𝑢̃(𝑥))| > 𝜀} ⊂ {𝑦 ∈ 𝐵𝜌(𝑥) | |𝑢(𝑦) − 𝑢̃(𝑥)| > 𝜀/𝐾},

hence

lim
𝜌→0+

|{𝑦 ∈ 𝐵𝜌(𝑥)| |𝑣(𝑦) − 𝑓(𝑢̃(𝑥))| > 𝜀}|−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−𝜌𝑛 = 0

whenever 𝑥 ∈ Ω∖ 𝑆𝑢. By a similar argument, if 𝑥 ∈ 𝑆𝑢 is a point such that there
exists a triplet (𝑢+, 𝑢−, 𝜈𝑢) satisfying (14), (15), then

(𝑣+(𝑥) − 𝑣−(𝑥)) ⊗ 𝜈𝑣 = (𝑓(𝑢+(𝑥)) − 𝑓(𝑢−(𝑥))) ⊗ 𝜈𝑢 if 𝑥 ∈ 𝑆𝑣
and 𝑓(𝑢−(𝑥)) = 𝑓(𝑢+(𝑥)) if 𝑥 ∈ 𝑆𝑢∖ 𝑆𝑣. Hence, by (1.8) we get

𝐽𝑣(𝐵) = ∫
𝐵∩𝑆𝑣

(𝑣+ − 𝑣−) ⊗ 𝜈𝑣 𝑑ℋ𝑛−1

= ∫
𝐵∩𝑆𝑣

(𝑓(𝑢+) − 𝑓(𝑢−)) ⊗ 𝜈𝑢 𝑑ℋ𝑛−1

= ∫
𝐵∩𝑆𝑢

(𝑓(𝑢+) − 𝑓(𝑢−)) ⊗ 𝜈𝑢 𝑑ℋ𝑛−1
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and Lemma 6.2 is proved. □

To prove (31), it is not restrictive to assume that 𝑘= 1. Moreover, to simplify our
notation, from now on we shall assume that Ω = 𝐑𝑛. The proof of (31) is divided
into two steps. In the first step we prove the statement in the one-dimensional
case (𝑛 = 1), using Theorem 5.3. In the second step we achieve the general result
using Theorem 7.1.

Step 1

Assume that 𝑛 = 1. Since 𝑆𝑢 is at most countable, (7) yields that |𝐷̃𝑣|(𝑆𝑢∖𝑆𝑣) = 0,
so that (19) and (21) imply that 𝐷𝑣= 𝐷̃𝑣+𝐽𝑣 is the Radon-Nikodým decomposition
of 𝐷𝑣 in absolutely continuous and singular part with respect to |𝐷̃𝑢|. By
Theorem 5.3, we have

𝐷̃𝑣−−−−
|𝐷̃𝑢|

(𝑡) = lim
𝑠→𝑡+

𝐷𝑣([𝑡, 𝑠[)−−−−−−−−−−
|𝐷̃𝑢|([𝑡, 𝑠[)

, 𝐷̃𝑢−−−−
|𝐷̃𝑢|

(𝑡) = lim
𝑠→𝑡+

𝐷𝑢([𝑡, 𝑠[)−−−−−−−−−−
|𝐷̃𝑢|([𝑡, 𝑠[)

|𝐷̃𝑢|-almost everywhere in 𝐑. It is well known (see, for instance, [11], 2.5.16)
that every one-dimensional function of bounded variation 𝑤 has a unique left
continuous representative, i.e., a function 𝑤̂ such that 𝑤̂ = 𝑤 almost everywhere
and lim𝑠→𝑡− 𝑤̂(𝑠) = 𝑤̂(𝑡) for every 𝑡 ∈ 𝐑. These conditions imply

𝑢̂(𝑡) = 𝐷𝑢(]−∞, 𝑡[), ̂𝑣(𝑡) = 𝐷𝑣(]−∞, 𝑡[) ∀𝑡 ∈ 𝐑 (32)
̂𝑣(𝑡) = 𝑓(𝑢̂(𝑡)) ∀𝑡 ∈ 𝐑.and (33)

Let 𝑡 ∈ 𝐑 be such that |𝐷̃𝑢|([𝑡, 𝑠[) > 0 for every 𝑠 > 𝑡 and assume that the limits
in (22) exist. By (23) and (24) we get

̂𝑣(𝑠) − ̂𝑣(𝑡)−−−−−−−−−−
|𝐷̃𝑢|([𝑡, 𝑠[)

= 𝑓(𝑢̂(𝑠)) − 𝑓(𝑢̂(𝑡))−−−−−−−−−−−−−−−
|𝐷̃𝑢|([𝑡, 𝑠[)

=
𝑓(𝑢̂(𝑠)) − 𝑓(𝑢̂(𝑡) + 𝐷̃𝑢−−−−

|𝐷̃𝑢|
(𝑡)|𝐷̃𝑢|([𝑡, 𝑠[))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
|𝐷̃𝑢|([𝑡, 𝑠[)

+
𝑓(𝑢̂(𝑡) + 𝐷̃𝑢−−−−

|𝐷̃𝑢|
(𝑡)|𝐷̃𝑢|([𝑡, 𝑠[)) − 𝑓(𝑢̂(𝑡))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
|𝐷̃𝑢|([𝑡, 𝑠[)

for every 𝑠 > 𝑡. Using the Lipschitz condition on 𝑓 we find
||||||||||

̂𝑣(𝑠) − ̂𝑣(𝑡)−−−−−−−−−−
|𝐷̃𝑢|([𝑡, 𝑠[)

−
𝑓(𝑢̂(𝑡) + 𝐷̃𝑢−−−−

|𝐷̃𝑢|
(𝑡)|𝐷̃𝑢|([𝑡, 𝑠[)) − 𝑓(𝑢̂(𝑡))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
|𝐷̃𝑢|([𝑡, 𝑠[)

||||||||||

≤ 𝐾| 𝑢̂(𝑠) − 𝑢̂(𝑡)−−−−−−−−−−
|𝐷̃𝑢|([𝑡, 𝑠[)

− 𝐷̃𝑢−−−−
|𝐷̃𝑢|

(𝑡)|

By (29), the function 𝑠 → |𝐷̃𝑢|([𝑡, 𝑠[) is continuous and converges to 0 as 𝑠 ↓ 𝑡.
Therefore Remark 7.2 and the previous inequality imply

𝐷̃𝑣−−−−
|𝐷̃𝑢|

(𝑡) = lim
ℎ→0+

𝑓(𝑢̂(𝑡) + ℎ 𝐷̃𝑢−−−−
|𝐷̃𝑢|

(𝑡)) − 𝑓(𝑢̂(𝑡))
−−−−−−−−−−−−−−−−−−−−−−−−−ℎ |𝐷̃𝑢| -a.e. in 𝐑.
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By (22), 𝑢̂(𝑥) = 𝑢̃(𝑥) for every 𝑥∈ 𝐑∖𝑆𝑢; moreover, applying the same argument
to the functions 𝑢′(𝑡) = 𝑢(−𝑡), 𝑣′(𝑡) = 𝑓(𝑢′(𝑡)) = 𝑣(−𝑡), we get

𝐷̃𝑣−−−−
|𝐷̃𝑢|

(𝑡) = lim
ℎ→0

𝑓(𝑢̃(𝑡) + ℎ 𝐷̃𝑢−−−−
|𝐷̃𝑢|

(𝑡)) − 𝑓(𝑢̃(𝑡))
−−−−−−−−−−−−−−−−−−−−−−−−−ℎ |𝐷̃𝑢| -a.e. in 𝐑

and our statement is proved.

Step 2

Let us consider now the general case 𝑛 > 1. Let 𝜈 ∈ 𝐑𝑛 be such that |𝜈| = 1, and
let 𝜋𝜈 = {𝑦 ∈ 𝐑𝑛 : ⟨𝑦, 𝜈⟩ = 0}. In the following, we shall identify 𝐑𝑛 with 𝜋𝜈×𝐑,
and we shall denote by 𝑦 the variable ranging in 𝜋𝜈 and by 𝑡 the variable ranging
in 𝐑. By the just proven one-dimensional result, and by Theorem 3.3, we get

lim
ℎ→0

𝑓(𝑢̃(𝑦+ 𝑡𝜈) + ℎ
𝐷̃𝑢𝑦−−−−−
|𝐷̃𝑢𝑦|

(𝑡)) − 𝑓(𝑢̃(𝑦+ 𝑡𝜈))
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−ℎ =

𝐷̃𝑣𝑦−−−−−
|𝐷̃𝑢𝑦|

(𝑡) |𝐷̃𝑢𝑦| -a.e. in 𝐑

for ℋ𝑛−1-almost every 𝑦 ∈ 𝜋𝜈. We claim that

⟨𝐷̃𝑢, 𝜈⟩−−−−−−−−
|⟨𝐷̃𝑢, 𝜈⟩|

(𝑦+ 𝑡𝜈) =
𝐷̃𝑢𝑦−−−−−
|𝐷̃𝑢𝑦|

(𝑡) |𝐷̃𝑢𝑦| -a.e. in 𝐑 (34)

for ℋ𝑛−1-almost every 𝑦 ∈ 𝜋𝜈. In fact, by (16) and (18) we get

∫
𝜋𝜈

𝐷̃𝑢𝑦−−−−−
|𝐷̃𝑢𝑦|

⋅ |𝐷̃𝑢𝑦|𝑑ℋ𝑛−1(𝑦) = ∫
𝜋𝜈
𝐷̃𝑢𝑦 𝑑ℋ𝑛−1(𝑦)

= ⟨𝐷̃𝑢, 𝜈⟩ = ⟨𝐷̃𝑢, 𝜈⟩−−−−−−−−
|⟨𝐷̃𝑢, 𝜈⟩|

⋅ |⟨𝐷̃𝑢, 𝜈⟩| = ∫
𝜋𝜈

⟨𝐷̃𝑢, 𝜈⟩−−−−−−−−
|⟨𝐷̃𝑢, 𝜈⟩|

(𝑦+ ⋅𝜈) ⋅ |𝐷̃𝑢𝑦|𝑑ℋ𝑛−1(𝑦)

and (24) follows from (13). By the same argument it is possible to prove that

⟨𝐷̃𝑣, 𝜈⟩−−−−−−−−
|⟨𝐷̃𝑢, 𝜈⟩|

(𝑦+ 𝑡𝜈) =
𝐷̃𝑣𝑦−−−−−
|𝐷̃𝑢𝑦|

(𝑡) |𝐷̃𝑢𝑦| -a.e. in 𝐑 (35)

for ℋ𝑛−1-almost every 𝑦 ∈ 𝜋𝜈. By (24) and (25) we get

lim
ℎ→0

𝑓(𝑢̃(𝑦+ 𝑡𝜈) + ℎ ⟨𝐷̃𝑢, 𝜈⟩−−−−−−−−
|⟨𝐷̃𝑢, 𝜈⟩|

(𝑦+ 𝑡𝜈))−𝑓(𝑢̃(𝑦+ 𝑡𝜈))
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−ℎ =

⟨𝐷̃𝑣, 𝜈⟩−−−−−−−−
|⟨𝐷̃𝑢, 𝜈⟩|

(𝑦+ 𝑡𝜈)

for ℋ𝑛−1-almost every 𝑦 ∈ 𝜋𝜈, and using again (14), (15) we get

lim
ℎ→0

𝑓(𝑢̃(𝑥) + ℎ ⟨𝐷̃𝑢, 𝜈⟩−−−−−−−−
|⟨𝐷̃𝑢, 𝜈⟩|

(𝑥))−𝑓(𝑢̃(𝑥))
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−ℎ = ⟨𝐷̃𝑣, 𝜈⟩−−−−−−−−

|⟨𝐷̃𝑢, 𝜈⟩|
(𝑥)

|⟨𝐷̃𝑢, 𝜈⟩|-a.e. in 𝐑𝑛.
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Since the function |⟨𝐷̃𝑢, 𝜈⟩|/|𝐷̃𝑢| is strictly positive |⟨𝐷̃𝑢, 𝜈⟩| almost
everywhere, we obtain also

lim
ℎ→0

𝑓(𝑢̃(𝑥) + ℎ|⟨𝐷̃𝑢, 𝜈⟩|−−−−−−−−
|𝐷̃𝑢|

(𝑥) ⟨𝐷̃𝑢, 𝜈⟩−−−−−−−−
|⟨𝐷̃𝑢, 𝜈⟩|

(𝑥))−𝑓(𝑢̃(𝑥))
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−ℎ

= |⟨𝐷̃𝑢, 𝜈⟩|−−−−−−−−
|𝐷̃𝑢|

(𝑥) ⟨𝐷̃𝑣, 𝜈⟩−−−−−−−−
|⟨𝐷̃𝑢, 𝜈⟩|

(𝑥)

|⟨𝐷̃𝑢, 𝜈⟩|-almost everywhere in 𝐑𝑛.
Finally, since

|⟨𝐷̃𝑢, 𝜈⟩|−−−−−−−−
|𝐷̃𝑢|

⟨𝐷̃𝑢, 𝜈⟩−−−−−−−−
|⟨𝐷̃𝑢, 𝜈⟩|

= ⟨𝐷̃𝑢, 𝜈⟩−−−−−−
|𝐷̃𝑢|

= ⟨ 𝐷̃𝑢−−−−
|𝐷̃𝑢|

, 𝜈⟩ |𝐷̃𝑢| -a.e. in 𝐑𝑛

|⟨𝐷̃𝑢, 𝜈⟩|−−−−−−−−
|𝐷̃𝑢|

⟨𝐷̃𝑣, 𝜈⟩−−−−−−−−
|⟨𝐷̃𝑢, 𝜈⟩|

= ⟨𝐷̃𝑣, 𝜈⟩−−−−−−
|𝐷̃𝑢|

= ⟨ 𝐷̃𝑣−−−−
|𝐷̃𝑢|

, 𝜈⟩ |𝐷̃𝑢| -a.e. in 𝐑𝑛

and since both sides of (33) are zero |𝐷̃𝑢|-almost everywhere on |⟨𝐷̃𝑢,𝜈⟩|-negligible
sets, we conclude that

lim
ℎ→0

𝑓(𝑢̃(𝑥) + ℎ⟨ 𝐷̃𝑢−−−−
|𝐷̃𝑢|

(𝑥), 𝜈⟩)−𝑓(𝑢̃(𝑥))
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−ℎ = ⟨ 𝐷̃𝑣−−−−

|𝐷̃𝑢|
(𝑥), 𝜈⟩,

|𝐷̃𝑢|-a.e. in 𝐑𝑛. Since 𝜈 is arbitrary, by Remarks 7.3 and 7.4 the restriction of 𝑓
to the affine space 𝑇𝑢𝑥 is differentiable at 𝑢̃(𝑥) for |𝐷̃𝑢|-almost every 𝑥 ∈ 𝐑𝑛 and
(26) holds. □

It follows from (13), (14), and (15) that

𝐷(𝑡1, … , 𝑡𝑛) = ∑
𝐼∈𝐧
(−1)|𝐼|−1 |𝐼|∏

𝑖∈𝐼
𝑡𝑖 ∏
𝑗∈𝐼
(𝐷𝑗 + 𝜆𝑗𝑡𝑗) det𝐀(𝜆)(⃖𝐼|⃖𝐼) . (36)

Let 𝑡𝑖 = 𝑥̂𝑖, 𝑖 = 1,… , 𝑛. Lemma 1 leads to

𝐷(𝑥̂1, … , 𝑥̂𝑛) = ∏
𝑖∈𝐧
𝑥̂𝑖 ∑
𝐼∈𝐧
(−1)|𝐼|−1 |𝐼| per𝐀(𝜆)(𝐼|𝐼) det𝐀(𝜆)(⃖𝐼|⃖𝐼) . (37)

By (3), (13), and (37), we have the following result:

Theorem 7.5.

𝐻𝑐 =
1−−−2𝑛

𝑛

∑
𝑙=1
𝑙(−1)𝑙−1𝐴(𝜆)𝑙 , (38)

where

𝐴(𝜆)𝑙 = ∑
𝐼𝑙⊆𝐧
per𝐀(𝜆)(𝐼𝑙|𝐼𝑙) det𝐀(𝜆)(⃖𝐼𝑙|⃖𝐼𝑙), |𝐼𝑙 | = 𝑙. (39)

It is worth noting that 𝐴(𝜆)𝑙 of (39) is similar to the coefficients 𝑏𝑙 of the
characteristic polynomial of (10). It is well known in graph theory that the
coefficients 𝑏𝑙 can be expressed as a sum over certain subgraphs. It is interesting
to see whether 𝐴𝑙, 𝜆 = 0, structural properties of a graph.

We may call (38) a parametric representation of 𝐻𝑐. In computation, the
parameter 𝜆𝑖 plays very important roles. The choice of the parameter usually
depends on the properties of the given graph. For a complete graph 𝐾𝑛, let 𝜆𝑖 = 1,
𝑖 = 1,… , 𝑛. It follows from (39) that

𝐴(1)𝑙 = {
𝑛!, if 𝑙 = 1,
0, otherwise.

(40)
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By (38)

𝐻𝑐 =
1−−2 (𝑛− 1)! . (41)

For a complete bipartite graph 𝐾𝑛1𝑛2, let 𝜆𝑖 = 0, 𝑖 = 1,… , 𝑛. By (39),

𝐴𝑙 = {
−𝑛1!𝑛2! 𝛿𝑛1𝑛2, if 𝑙 = 2
0, otherwise .

(42)

Theorem 7.5 leads to

𝐻𝑐 =
1−−−−−−𝑛1 +𝑛2

𝑛1!𝑛2! 𝛿𝑛1𝑛2. (43)

Now, we consider an asymmetrical approach. Theorem 3.3 leads to

det𝐊(𝑡 = 1, 𝑡1, … , 𝑡𝑛; 𝑙|𝑙)
= ∑
𝐼⊆𝐧−{𝑙}

(−1)|𝐼|∏
𝑖∈𝐼
𝑡𝑖 ∏
𝑗∈𝐼
(𝐷𝑗 + 𝜆𝑗𝑡𝑗) det𝐀(𝜆)(⃖𝐼 ∪ {𝑙}|⃖𝐼 ∪ {𝑙}). (44)

By (3) and (16) we have the following asymmetrical result:

Theorem 7.6.

𝐻𝑐 =
1−−2 ∑
𝐼⊆𝐧−{𝑙}

(−1)|𝐼| per𝐀(𝜆)(𝐼|𝐼) det𝐀(𝜆)(⃖𝐼 ∪ {𝑙}|⃖𝐼 ∪ {𝑙}) (45)

which reduces to Goulden–Jackson's formula when 𝜆𝑖 = 0, 𝑖 = 1,… , 𝑛 [8].
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